Let a(n, k) be the k-th coefficient of the n-th cyclotomic polynomial. Recently, Ji, Li and Moree [12] proved that for any integer m ≥ 1, {a(mn, k)|n, k ∈ N} = Z. In this paper, we improve this result and prove that for any integers s > t ≥ 0, {a(ns + t, k)|n, k ∈ N} = Z.
Introduction
Let Φ n (x) = ϕ(n) k=0 a(n, k)x k be the nth cyclotomic polynomial. The Taylor series of 1/Φ n (x) around x = 0 is given by 1/Φ n (x) = ϕ(n) k=0 c(n, k)x k . It is not difficult to show that a(n, k) and c(n, k) are all integers. The coefficients a(n, k) and c(n, k) are quite small in absolute value, for example for n < 105 it is well-known that |a(n, k)| ≤ 1 and for n < 561 we have |c(n, k)| ≤ 1(see [13] ). Migotti [8] showed that all a(pq, i) ∈ {0, ±1}, where p and q are distinct primes. Beiter [3] and [4] gave a criterion on i for a(pq, i) to be 0, 1 or -1, see also Lam and Leung [6] . Also Carlitz [5] computed the number of non-zero a(pq, i)'s. For more information on this topic, we refer to the beautiful survey paper of Thangadurai [14] . Bachman [1, 2] proved the existence of an infinite family of n = pqr with all a(pqr, i) ∈ {0, ±1}, where p, q, r are distinct odd primes.
Let m ≥ 1 be a integer. Put
Schur poved in 1931 (in a letter to E. Landau) that S(1) is not a finite set, see Lenstra [7] . In 1987 Suzuki [10] proved that S(1) = Z. Recently, Ji, Li and Moree [12] , [11] proved that with S(m) = R(m) = Z for any integer m ≥ 1.
Let m ≥ 1, s > t ≥ 0 be positive integers with gcd(s, t) = 1. Put
In this note, by a slight modification of the proof in [12] , we prove the following generalization of the result in [12] .
An equivalent statement of Theorem 1.1 is the following result, which is the motivation to write this paper. The proof of Theorem 1
Proof. We first prove that S(m; s, t) = Z. Since S(m; s, t) = S(κ(m); s, t) and S(m; s, t) ⊇ S(mp; s, t), where p ≡ 1 (mod s) is an odd prime, we may assume that m is square-free, m > 1 and µ(m) = 1. Suppose that n > N 0 (t, ms, 15 8 ), then, by Lemma 2.4, there exist primes p 1 , p 2 , . . . , p t such that N < p 1 < p 2 < · · · < p t < 15 8 n and p j ≡ 1 (mod ms), j = 1, 2, . . . , t.
Let q 1 , q 2 be primes such that q 2 > q 1 > 2p 1 , q 1 ≡ t (mod s) and q 2 ≡ 1 (mod s) and put
Note that m and m 1 are coprime, m 1 ≡ t (mod s) and that µ(m 1 ) = −1, where µ denotes the Möbius function. Using these observations we conclude that
From (2) it follows that, if p t ≤ k < 2p 1 , then
By Lemma 2.1 we have c(m, k − p j ) = c(m, k − 1), and therefore
Since µ(m) = 1, we let q 3 < q 4 be the smallest two prime divisors of m. Here we also required that n ≥ 8q 4 , which ensures that p t + q 4 < 2p 1 . Note that
(mod x q 4 +2 ).
Thus c(m, k) = 1 if k ≡ β (mod m) with β ∈ {1, 2} and c(m, k) = −1 if k ≡ β (mod m) with β ∈ {q 4 , q 4 + 1}. This in combination with (3) shows that a(m 1 m, p t + 1) = 1 − t and a(m 1 m, p t + q 4 ) = t − 1. Since {1 − t, t − 1|t ≥ 1} = Z, then S(m; s, t) = Z and the first result follows.
To prove R(m; s, t) = Z. As before we may assume that m > 1 is square-free and µ(m) = 1.
Let q 1 , q 2 be primes such that q 2 > q 1 > 2p 1 , q 1 ≡ t (mod s) and q 2 ≡ 1 (mod s) and putm
Note that m and m 1 are coprime and that µ(m 1 ) = 1. Reasoning as in the derivation of (2) we obtain
(1 − µ(m)(x p 1 + · · · + x pt )) (mod x 2p 1 )
and from this c(m 1 m, k) = a(m 1 m, k) for k ≤ 2p 1 . Reasoning as in the proof S(m; s, t) = Z, we obtain R(m; s, t) = Z. This completes the proof.
Remark: Since we do not need to consider the case µ(m) = −1, so a proof a little easier than that given in [12] is obtained.
